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The Emden-Fowler equation (W)’ = to@ when p + o = 0 can be related 
to the problem of diffusion and reaction in a slab, thus defining boundary 
conditions and an important functional of the solution. The solution for all p 
may be given in terms of the hypergeometric function and the asymptotic 
behavior of this and of the solutions of allied nonlinear equations may be studied 
rather easily by this means. 
I. INTRODUCTION 
The Emden-Fowler equation 
(1) 
has received a good deal of attention, being both a physically important and 
a mathematically significant nonlinear differential equation [3, 4, 51. In 
particular, Bellman [3] has shown how certain properties of the solution, 
particularly asymptotic ones, may be elegantly elucidated from the equation 
itself. In the special cases p + (I = 0, the equation may be reduced to 
CPU 
dx2- - f$“u” (2) 
by the substitution 4x = tl-“/( 1 - p), (p # 1) or C$X = In t, p = 1. This 
equation is familiar in the context of the theory of diffusion and reaction [6] 
as that governing the concentration u of a substance disappearing by an pth 
order isothermal reaction at each point x of a slab of catalyst. When such an 
equation is normalized so that u(x) is the concentration as a fraction of the 
concentration outside of the slab and x the distance from the central plane 
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as a fraction of the half thickness of the slab, the parameter 4” may be inter- 
preted as the ratio of the characteristic reaction rate to the characteristic 
diffusion rate. It is known in the chemical engineering literature as the Thiele 
modulus. 
In the context of the reaction, it is natural to keep the range of x finite as it 
is necessary to impose a boundary condition at the surface x = 1; but the 
asymptotic properties of the solution as 4 -+ 00 are important just as is the 
asymptotic behavior of the solution of the Emden-Fowler equation when 
t -+ co. The boundary condition 
u = 1, x=1 (3) 
represents the constancy of concentration of the chemical substance at the 
exposed surface of the slab. This implies that there is no mass transfer 
resistance there. About the central plane of the slab there is symmetry so that 
d” 0 &=, x = 0. (4) 
However, for p < 1, the concentration u may fall to zero at some x,, > 0 for 
sufficiently large $. In such cases, a solution can only be obtained if (4) is 
replaced by 
In this context also there is an important functional of the solution, viz., 
s 1 ?= 0 u"(x) dx = + $ ( ) 2=1 . (6) 
Physically, it represents the ratio of the total reaction rate to the maximum 
possible reaction rate and is known as the effectiveness factor. It is a function 
of the parameter $ and its behavior as this goes to zero or to infinity is signi- 
ficant. The study of the Emden-Fowler equation for this case may seem rather 
special, but the asymptotic results are of much wider import. Thus if f(u) 
is a function asymptotic to AUP as u + 0, the behavior of the solution of 
is closely analogous to that of our special case as 4 -+ co. Moreover, the 
solution of the more general equation 
V% = @y(u) 
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in a closed simply-connected region B with u = 1 on its boundary aB has 
asymptotic similarity to the simpler case of the slab when an appropriate 
definition of the equivalent thickness is made [2]. 
II. SOLUTION BY QUADRATURE 
Since the method of solution of (2) is elementary and involves only minor 
variations it will be convenient to give it in outline for p > 1 and formulae can 
then be simply stated for other cases. Multiplying (2) by 2(du/dx), integrating 
from zero to X, and using (4) gives 
du 2 ( 1 zi= 4” -& ([u(x)]““’ - u;“} 
where us = u(0). It follows immediately from (6) that 
rl = $ &y2(1 - 4f1}1/2* 
(7) 
(8) 
The solution U(X) may be found implicitly by taking the square root of (7) and 
integrating again 
In particular, since u = 1 at x = 1, 
,$ = (&)-“’ f {u’+1 _ 4+1}--1’2 d,, 
uo 
and, if this equation can be solved for us as a function of 4, the previous 
equations will give an implicit form of solution for any value of 4. By making 
the substitution x = 1 - (us/~) P+l, the integral in Eq. (10) becomes an 
incomplete Beta function which can be expressed as a hypergeometric 
function 
+ = (p+)1’2 &4’2(1 - 4+1yq7 (+, + + 4; 5; 1 - .,+I) , (11) 
where 4 = l/(p + 1). Since p > 1, the exponent of z+, is negative and the 
hypergeometric function converges absolutely on the circle 1 - ut+’ = 1. 
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It follows that 4 ranges from infinity to zero as uO ranges from zero to one. 
Also, 
d4 -= -- 
duo ( ) 
P + 1 1/Z uo(9+1)/2(1 -u;+1)-1/2 
2 
x F - +, - + + p; +; 1 - u;+‘) , 
( 
(12) 
so that d#/du,, is everywhere negative and becomes infinite as u,, approaches 
zero or one. It follows that Eq. (11) can be solved for u,, as a function of # 
- Dimensionless Center Concentration 
FIG. 1 
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for any positive 4. Hence, it is never necessary to invoke the boundary con- 
dition (5). Fig. 1 shows the relationship for a number of values of p. 
If - 1 <p < 1, the same formulae are obtained, but I$ remains finite as 
u0 -+ 0. To see this, we recall that F(a, b; c; z) converges on z = 1 only if 
Re(c - a - b) > 0, and it is, therefore, convenient to transform the hyper- 
geometric function in (11) by 
F(a, b; c; x) = (1 - z)“-a-bF(C - a, c - b; c; z). 
This gives 
4 = (-&)li2(l - 24;+1)“aF (1, 1 - q; +; 1 - gi’) (13) 
and shows that as u,, -+ 0 
4 *co = g (&y2. (14) 
So long as q < 8 , i.e., p > - 8 , the hypergeometric function in (12) 
coverges as u,, -+ 0; thus, 
( 3 1 - - 
du, u,+ 
i 4P 2 + 1) 1 1/Z u;(P+l)/2 T(% 4) w - 4) * (15) 
This is negatively infinite so long as q < 1 (i.e., p > 0); it is - 2Y2 when 
q = 1 and positively infinite in the interval 1 < q < Q (i.e., 0 > p > - g). 
When q > 3 (i.e., - 1 <p < - $), 
(16) 
so that the derivative remains positively infinite. 
Since the $, ua curve is monotonic decreasing so long asp > 0, the solution 
when 4 > $a can be found by invoking the boundary condition (5). In this 
case, the final intergration takes place from x = x,, and (10) becomes 
4u - 4 = 40 3 (17) 
which determines x,, . There is thus a completely dead zone in the region 
0 < x < xc, with u = 0. Since u0 = 0, Eq. (8) gives 
1 2 
( 1 
l/2 
T’=Fpfl * (18) 
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For - 1 < p < 0, there are three solutions of Eq. (13) when 4 lies in the 
interval (+,, , C&J, where & is the maximum value of the right side. One is 
given by (17), but the other two are the intersections of a horizontal line with 
the curve in Fig. 1 corresponding to a given p. The T,+ relation for - 1 < p 
is shown in Fig. 2. 
Normalized Thiele Modulus 
FIG. 2 
The solution for p = - 1 may be found in terms of Dawson’s integral [I], 
VlZ., 
+ = 2112F[(- In z#/~], ~ = (- 2 In I+$/~ 
4 ’ 
where 
F(x) = e-“’ 1: et8 dt. (20) 
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Since F has a maximum of 0.541, the solution is not defined for 
$ > C& = 0.765. For p < - 1, p + 1 is negative and we set q = - l/(p + I). 
The argument of the hypergeometric function is x = 1 - z@+l) and 
+ = ( 2 )1’2 (1 _ ++1))1/2 @‘+1)/2F (1, + - q; +; 1 _ u$+~)) . 
lp+l I 
(21) 
In this case, 4 = 0 when u,, = 0 and u,, = 1 and the solution only exists for 
0<4<+,, where &,, is the maximum of the curve. Also, 
3 = (I P ; 1 l)l’2 (1 _ uo,(~+1))-l/2 
(22) 
x u;(~+3)ql - u;; (D+l)) F(l, 4 - q; 8; z) - u$‘+~)F(~, 4 - q; a; z)}, 
and both hypergeometric functions converge at z = 1 if q > 1 (i.e., 
- 1 > p > - 2) to give 
(2$), - (I”; 1 l)3’2u-$+l),2 (23) 
as ~s -+ 0. The formula must be modified if q < 1, but the leading asymptotic 
term is the same. Evidently, (d~/du,), switches from + cc to 0 as p passes 
through - 3; at p = - 3 it has the value 1. This derivative is not included 
in the table. 
III. ASYMPTOTIC BEHAVIOR FOR SMALL AND LARGE 4 
In the context of diffusion and reaction, it is important to examine the 
behavior of q in the neighborhood of $ = 0 and as 4 --f 00. The former 
corresponds to q, = 1 and so the expansion of the hypergeometric function 
in powers of z facilitates this. I f  p > 1, the asymptote 4 --+ CD corresponds 
to u,, ---+ 0; if - 1 < p < 1, we have seen that this corresponds to x,, -+ 1 
in the boundary condition (5); if p < - 1, there is no solution when 
+ >A?&- 
As + -+ 0, the expansion of the hypergeometric function may be used to 
give 
P 1 
~=l-3~2+rJp(3pjpl)64+.... (24) 
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As $ -+ CC for p > 1, Eq. (11) and the relation 
F(u, b; c; 1 - x’) = 
T(c) r(c - a - b) 
qc - a) qc - b) 
F(a,b;a+b-c-tl;x’) 
+ (,$)c-a-b F(c) qa + b - c) 
w w 
x F(c - a, c - b; c - a - b + 1; z’) 
with z’ = 1 - u:+’ give 
(25) 
where 
A = d; q - q) 
I 
2cfP+l)/(a-1)1 
2 W-d I 
and 
As p -+ 00, A -+ (7r/2)2 and the exponent of $ tends to - 2. 
In the particular case of p = 1, we have a closed form 
so that 
+q = -!-{I - 2ee2” + . ..}. 
d 
In the case p = - 1, Dawson’s integral has the property F(x) N 1/(2x) as 
x---f CO. This leads to the asymptotic relation 
+-+o, 7+$-Z as uo - 0, 
Uo+e*p (- +) - 
IV. APPLICATION TO MORE GENERAL EQUATIONS 
The more general nonlinear equation 
(27) 
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subject to the boundary conditions 
u = 1, x=1 
aId 0 z=, x=0 
or 
ZrALO 
dx ’ 
x = x0 
can be solved by quadratures in a very similar fashion. The functions f and g 
can be normalized so that f (1) = g(l) = 1. Multiplying by 2 g(u) (du/dx) 
and integrating once gives 
Integrating a second time after taking the square root gives 
In particular, the functional 
rl = ff (4 d = 9 ($)l = $ h(l, I+,), 
0 
while 
(31) 
(32) 
(33) 
l A4 du 
+(l - xo) = Iuo h(u, * (34) 
Thus u. again serves as a parameter in terms of which 7 and 4 can be 
expressed. If the integral on the right of (34) converges to $. > 0 as U, + 0, 
then the equation defines x0 for values of C$ greater than $. . If the integral 
diverges, then x0 = 0 and the asymptotic behavior of 7 as 4 -+ 03 may be 
found by letting u. -+ 0. 
If f (u) g(u) = AZP + O(zP) as u -+ 0 and g(0) > 0, then the integral (34) 
will diverge as u. -+ 0 if p > 1. However, the integral 
l I [ &) 
p + 1 
( ) 
l/s g(O) 
u. W uo) 24 (UP+1 - uPi1 112 o) d" 1 
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remains bounded as u0 + 0. If this integrand is denoted by B(u, u,,), we may 
write 
and the asymptotic properties of the first integral have been given in the 
previous section. In fact the leading term given there may be used if 4 is 
replaced by 
If g(u) N CuT as u -+ 0, then the integral will diverge if p > 2~ + 1, and 
the asymptotic behavior will be similar to that of the Emden-Fowler equation 
with p - 2~ in place of p. 
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